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Abstract—Calculation of mean, variance and standard devia-
tion are often required for segmentation or feature extraction.
In image processing, often an integer approximation is adequate.
Conventional methods require division and square root opera-
tions, which are expensive to realize in hardware in terms of
both the amount of required resources and latency. A new class
of iterative algorithms is developed based on integer arithmetic.
An implementation of the algorithms as a hardware architecture
for a Field-Programmable Gate Array (FPGA) is compared with
architectures using the conventional approach, which shows a
significantly reduced latency while using less hardware resources.

I. INTRODUCTION

In many applications in image processing such as seg-

mentation and feature extraction statistics like the mean, the

variance and the standard deviation are required. Especially

in segmentation, the decision process is often based on the

statistics collected on a certain image region and therefore

the calculation of these statistics has a major influence on

the performance of the whole algorithm. In hardware feature

extraction architectures, the calculation of object features often

has to be finished within one clock cycle [1], [2]. In these

cases where statistics of the image objects are extracted,

a high operation frequency for calculation is necessary not

to decrease the throughput of the whole feature extraction

architecture.

Several previously proposed methods use floating point

arithmetic to calculate standard deviation [3], [4]. The method

in [4] extends the method in [3] but still relies on floating

point arithmetic and is therefore expensive to realize as an

FPGA architecture. The method proposed in [5] describes

a parallelization approach for calculating sample variance,

which is of advantage for calculating statistics of big sets

of data, which are available in memory, but less relevant for

running statistics, where the elements are received serially

with the goal of calculating the statistics with low latency. In

[6] a hardware architecture is described to calculate the local

variance of a fixed-size window. The the method proposed

in this paper is able to calculate running statistics over an

arbitrary number of pixels. The architecture in [6] can be

realized by division by a constant, which reduces hardware

cost for division at the cost of flexibility and functionality

compared to an integer division in the architecture in this

paper. The proposed approach enables the use of integer

arithmetic, which is inexpensive in terms of resources and

achievable maximum operation frequency on FPGAs.

The definitions of the mean and variance of a set X
consisting of N elements are

µi =
1

Ni

×
Ni∑

xi (1)

σ2
i =

1

Ni − 1
×

Ni∑
(xi − µi)

2, (2)

which require several iterative additions followed by a division

for mean, an additional multiplication for variance calcula-

tions, and an additional square root for the standard deviation.

To achieve the goal of calculating the running statistics, which

allows the statistics to be accessed after each new element is

added to the set, this naive approach is impractical due to the

fact that the variance can only be calculated in a second pass

after all elements of the set X have been passed once and the

mean value µ has been calculated.

The running variance and standard deviation can be calcu-

lated according to

σ2
i =

1

Ni − 1
×

Ni∑
(x2

i )− µ2
i . (3)

Using this equation, σ2 is accessible immediately after the

most recent element x has been added. Even though these so-

lutions work well on general purpose processors, divisions and

square root calculations are expensive in terms of resources

and latency when realizing a dedicated hardware architecture.

Furthermore in many image processing applications integer

accuracy is acceptable. Therefore, no floating point operations

with high precision are required, which can be reflected in

hardware architectures using fewer resources or working with

a lower latency.

In this paper we derive a method for efficient calculation of

running statistics adapted to the needs of image processing and

the realization of a hardware architecture, which carries out

this method using fewer hardware resources than conventional

methods while maintaining a high operation frequency. This

is achieved by replacing operations which are expensive to

realize in hardware with combinational circuits and iterative

approaches, which achieve an acceptable accuracy at higher

speed.

The methods for calculation of running mean, variance and

standard deviation of image data are presented in Section

II. Section III shows how efficient hardware architectures
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can be built from these methods and Section IV gives the

implementation results for those architectures on an FPGA

and discusses the results.

II. RUNNING STATISTICS CALCULATION

A. Mean and Variance calculation

The method proposed for calculating the mean is inspired

by Welford’s method [3] and is based on the idea of scaling the

values to an origin close to the mean. This process is referred

to as a renormalization step. In this way it is possible to shift

the origin to an approximation of the mean value, which pro-

vides an approximation accessible after every iteration without

additional calculation. It uses integer arithmetic, contrary to

the solution in [3] which requires floating point operations,

making the new approach better suited for realization as a

dedicated digital circuit.
The calculation of the running mean works as follows. The

partial sum P stores the sum of the already processed elements

relative to the origin m.

P ′
i = Pi−1 + (x−mi−1) (4)

To keep the origin close to the mean of the past elements,

the origin must be shifted by

△m =
P ′
i

Ni

(5)

mi = mi−1 +△m (6)

to include the most recent element. Since this changes the

origin, the partial sum P has to be adapted as well.

Pi = P ′
i −Ni ×△m (7)

By making △m an integer, i.e. using an integer division, the

mean µ is represented by m as an integer approximation and

a fractional part P
N

.

µi = mi +
Pi

Ni

(8)

The fraction part can always be made smaller than ±0.5,

allowing mi to be used as an approximation of the running

mean value µi.
A similar method can be used to calculate the running

variance using only integer arithmetic. First, we define the

variance σ2 to consist of an integer part V and a fractional

part W ,

σ2
i � Vi +

Wi

Ni − 1
− (

Ni

Ni − 1
× (µi −mi)

2) (9)

where the last term is neglected (since µi ≈ mi) and

Wi = Vi +

Ni∑
((xi −mi)

2 − Vi) (10)

The integer and fractional parts of the variance are updated

as follows. In the first step the most recent element xi has to

be included in W .

W ′
i = Wi−1 + (xi −mi−1)

2 − Vi−1 (11)

This is then renormalized to the new origin

W ′′
i = W ′

i − 2∆m × P ′
i +Ni ×∆2

m (12)

The excess of the fractional part

∆v =
W ′′

i

Ni − 1
(13)

is finally used to adjust V to within ±0.5 of σ2.

Vi = Vi−1 +∆v

Wi = W ′′
i − (Ni − 1)×∆v

(14)

Although the described methods still need division opera-

tions, they are more robust against less accurate division. The

divisions in Equations 5 and 13 can be approximated to a

power of two with resulting multiplications in Equations 7,

12 and 14 being shift operations, which is preferable in terms

of hardware cost. The proposed method therefore performs

the divisions over several iterations, instead of performing a

full division for each new element added to the set. There is

no loss in accuracy when calculating the mean and variance

for the whole set of elements using this method. Even though

the difference of the approximations m and V to the actual

mean µ and variance σ2 is greater than one at some points,

Equations 8 and 9 still hold with the approximations rapidly

converging to their true values for natural images, as we will

show in Section IV.

B. Standard Deviation

For calculation of the standard deviation σ, the square root

of the variance has to be extracted. Since the square root

operation, like a division, requires a lot of hardware resources,

an iterative approach is proposed to calculate it. Let S be

an integer approximation of the standard deviation σ, with

remainder R.

Vi � S2
i +Ri (15)

On update,

R′
i = Ri−1 +△v. (16)

Since R is the remainder its absolute value has to be smaller

than S. When R exceeds the approximation S, S has to be

adapted. For this adaption the Newton-Raphson iteration is

used.

△S = [
R

2S
] (17)

Si = Si−1 +△S

Ri = R′
i − 2× Si−1 ×△S −△2

S

(18)

This iteration step brings S closer to σ with every iteration.
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Fig. 1. Hardware architecture for division to the closest power of two.

III. HARDWARE ARCHITECTURES FOR CALCULATION OF

RUNNING STATISTICS

A. Division by next power of two operator

Realizing conventional algorithms for division, such as

restoring division, non-restoring division or the SRT algorithm

requires a significant of hardware resources. The latency of

the division architecture depends on the width of the dividend

and divisor and can become significantly long [7], [8]. In many

image processing applications, integer accuracy is sufficient. A

radix-N division can be replaced by an approximation, which

can be built more efficiently using digital hardware resources.

Such an approximation is the closest power of two of the

quotient of two numbers. For this operation the [a
b
]2k operator

is used. The hardware architecture to realize this is depicted

in Figure 1. In order to achieve rounding, the dividend is

multiplied by 1.5, realized by a shift and add operation. After

this two priority encoders examine the dividend a and the

divisor b and search for the first 1 in case the number is positive

or the first 0 if the number is negative. The use of priority

encoders enables a gain in the combinational path compared

to conventional division algorithms, because there is no need

for cascaded additions and subtractions of partial remainders.

The difference of the results of the priority encoders △shift

indicates the power of the quotient of a and b, but can be off

by one since it is possible that the dividend |a| < (b×2△shift).
In order to prevent this, another comparison is required, which

decrements △shift according to the sign of the dividend and

the divisor. The quotient bit Q is acquired by shifting a ’1’ by

△shift to the left and taking the complement of it depending

of the sign of dividend and divisor. The partial remainder PR
of the division can be determined by shifting the divisor b in

an analogous manner and be reused for the dividend of the

following division.

Fig. 2. Circuit calculating the mean, variance and standard deviation
according to the conventional method.

B. Hardware architectures for running statistics

An architecture for calculating running statistics with the

conventional approach is depicted in Figure 2. In this ar-

chitecture, the division uses combinational logic with a non-

restoring division. Among conventional division architectures

the non-restoring approach has been shown to create a short

combinational path and least resource utilization [8]. The

square root calculation is carried out also by a combinational

circuit performing a non-restoring calculation of the square

root [9].

The hardware architecture in Figure 3 shows the data path

of the method for calculation of running mean and running

variance proposed in Section II at the register transfer level.

This architecture uses the proposed division to the next power

of two instead of a radix N-division. For the proposed method

this means that Equations 6 and 13 have to be replaced by

∆m = [
P ′
i

Ni

]2k

∆v = [
W ′′

i

Ni − 1
]2k .

(19)

This change reduces the accuracy of the calculation and

therefore the fractional part of the mean △m and the fractional

part of the variance △v can exceed one, which results in a

less accurate integer approximation. Nevertheless the integer

part converges towards actual value within just a few pixels, in

which case they do not differ too much and hence compensates

the decreased accuracy.

In order to get the running standard deviation the square

root of the variance has to be extracted. The architecture in

Figure 4 depicts the data path for the iterative method of

calculating the square root proposed in Section II. In this

architecture the next power of two of the quotient is again

used due to hardware efficiency. This approximation sacrifices

the quadratic convergence of the Newton-Raphson method for

a linear convergence of regular division.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

In this section the methods for calculating running statistics

and the hardware architectures built using these methods are

evaluated and analyzed.
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Fig. 3. Architecture for calculation of mean and variance with the proposed method.

Fig. 4. Architecture for calculating approximation of standard deviation with
the proposed method.

A. Evaluation of accuracy of the hardware architecture

The proposed method is evaluated on different test images

[10], where each one represents a different class of images. For

analysis of the accuracy of the proposed method to calculate

of running statistics, the pixel values of the middle row of

the test image are used traversing the image from left to

right. Only one iteration is performed per pixel. After each

pixel, results are compared to the results of the conventional

calculation. Figure 5 shows the test images together with the

plots of the difference of the running statistics values between

the conventional and proposed methods.

For the first couple of pixels, the difference is expectably

high. This results from the lost accuracy due to the division

to the next power of two and the small number of samples.

Nevertheless this converges to the value of the conventional

method within just a few pixels. The same can be observed

at rapid changes of the pixels’ intensity in the image. The

difference to the conventional method first increases, but

converges to the actual value within just less than 5 pixels

for the observed cases. For the observed images the proposed

method shows a deviation for calculating the running mean

which are in most cases below 2% difference to the actual

mean.

As the diagrams in Figure 5 indicate, single intermediate

results of the calculation differ from the actual statistic values,

but recover within just a few pixels and converge towards the

desired value. This fast convergence of the values enables the

method to provide good approximations of the statistic values.

B. Comparison of hardware resource requirements

The hardware architectures introduced in Section III were

implemented on a on Xilinx Virtex 6 XC6VLX240T-2FF1759.

The required FPGA resources are given in Table II for a

hardware architecture using the conventional approach and

in Table I for the proposed approach. When comparing the

resource utilization for both architectures one can observe that

the conventional approach requires significantly more look-

up tables (LUTs) than the proposed architecture. This results

mainly from the fact that the conventional architecture has

dedicated circuits for division and square root operations,
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Fig. 5. Difference of the absolute values of running mean, variance and standard deviation of conventional and the proposed method.
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TABLE I
RESOURCE REQUIREMENTS OF FPGA HARDWARE ARCHITECTURE

CALCULATING RUNNING STATISTICS WITH THE PROPOSED APPROACH ON

A XILINX VIRTEX 6 XC6VLX240T-2FF1759.

Mean
Image size 0.3 MP 1 MP

Shifter Comb HW Comb HW

Registers 75 75 78 78
LUTs 495 314 515 323

DSP48E1s 0 4 0 4
fmax[MHz] 109.9 75.5 109.4 75.3

Framerate [FPS] 327 226 109 75

Mean + Variance
Image size 0.3 MP 1 MP

Shifter Comb HW Comb HW

Registers 134 131 139 136
LUTs 979 597 1005 616

DSP48E1s 12 20 12 20
fmax[MHz] 38.9 29.4 38.7 29.4

Framerate [FPS] 116 88 38 29

Mean + Variance + Standard Deviation
Image size 0.3 MP 1 MP

Shifter Comb HW Comb HW

Registers 165 159 170 165
LUTs 1430 842 1485 869

DSP48E1s 15 25 15 25
fmax[MHz] 29.4 21.4 29.4 21.4

Framerate [FPS] 88 64 29 21

while the proposed architecture does not requires these dedi-

cated divsion and square root operations, but carries out these

operations in an iterative fashion and uses the FPGA’s DSP

elements as hardware multipliers. The use of the changed

method for calculating the statistic values without division and

the use of hardware multipliers allows the architecture to run

at a higher frequency due to the reduced latency. An increase

of the operation frequency of more than 4 for calculating

the running mean and an increase of 3 for calculating the

running variance and an increase of more than 2 for calculation

of the standard deviation can be achieved. By introducing a

pipeline register, the architecture for calculating of the standard

deviation can achieve the same fmax, as for calculating the

variance at the cost of one clock cycle latency. The proposed

architectures allow to quadruple or triple respectively the

frame rate compared to the conventional approach.

Furthermore, the use of hardware multipliers embedded into

Virtex 6 FPGA fabric for shifting operations was examined

(similar to the proposal in [11]) and compared to realization

of shifters with LUTs. The results in Table I indicate that

LUTs are preferable for realizing shifters when a high fmax

is the design goal.

V. CONCLUSION

The proposed method for calculating the mean, variance

and standard deviation in an iterative manner can be realized

efficiently as a hardware architecture. Contrary to carrying out

combinational divisions, the proposed approach distributes the

divisions over several iteration steps. This enables the calcula-

tion of running statistics using simple hardware elements. The

TABLE II
RESOURCE REQUIREMENTS OF FPGA HARDWARE ARCHITECTURE

CALCULATING RUNNING STATISTICS WITH THE CONVENTIONAL

APPROACH ON ON A XILINX VIRTEX 6 XC6VLX240T-2FF1759.

Mean +Variance +Standard Deviation
Image
size

0.3MP 1MP 0.3MP 1MP 0.3MP 1MP

Registers 76 79 111 114 155 159
LUTs 1264 1358 2934 3036 3087 3193

DSP48E1s 0 0 2 2 2 2
fmax

[MHz]
20.9 20.1 17.01 17.0 13.9 13.4

Framerate
[FPS]

69 20 56 17 46 13

gain of the proposed method for hardware architectures was

shown by realizing it on an Field-Programmable Gate Array

(FPGA), which tripled the frame rate that the architecture

could process at a slightly decreased accuracy.
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