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Abstract

Non-uniform interpolation is a common procedure in image processing. A linear interpolation filter is generally 

a weighted combination of the inputs. Optimal filter coefficients (in a least squares sense) can be derived if the 

interpolated image is known beforehand. The weights of a general linear interpolation filter are independent of 

content and only depend on the relative positions of the available samples. The optimal coefficients are shown to 

be relatively independent of the content experimentally in absence and presence of noise, allowing non-uniform 

images to be interpolated using coefficients that have been optimised on a synthetic image. This results in a 

linear interpolation with computational complexity of the same order as nearest neighbour or bilinear, but with a 

near optimal performance. 
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1 Introduction 

Non-uniform interpolation, also known as scattered 

interpolation, is a key step in image super-resolution 

from multiple images [1]. After the input low-

resolution (LR) images are registered to the high-

resolution (HR) grid, these can be combined (with 

appropriate offsets) to form a compound non-

uniformly sampled image. An interpolation procedure 

can be applied to resample the compound image at the 

uniform positions of the high-resolution grid. There 

are a large number of interpolation methods exist, 

each making assumptions about the surface of the 

image function. The choice of a method depends 

strongly on the application specific requirements, as 

there is a trade-off between computational 

complexity, memory requirements, and optimality of 

the result. Sensitivity to the accuracy of registration 

procedure can also play a role in the selection. 

The scope of this work was to look at global 

translational motion only, with low noise levels. 

Image degradation was assumed to be due to the 

camera point spread function only, constant in time 

and linear space-invariant for all input images. 

Because of the assumption of global translational 

motion only, the non-uniform compound image is 

actually semi-uniform. Of course in this case the 

generalised sampling theorem [2,3] can be applied to 

reconstruct the exact high-resolution image, as long as 

average sampling rate is above the Nyquist rate. 

However, this procedure is computationally expensive 

and is sensitive to even low levels of noise. Our main 

interest is super-resolution methods with low 

computational complexity; therefore we consider this 

approach unsuitable. 

The remainder of this article summarises a number of 

interpolation methods that can be implemented as 

digital filters, and develops a new, near optimal, 

method for computing the weights of a linear 

interpolation filter. 

2 Near optimal interpolation 

The simplest method for image interpolation is 

nearest neighbour interpolation [4]. For each point on 

the HR grid, the closest known LR pixel is selected 

and the value of that pixel is simply used as the value 

at the grid point. This method, therefore, implicitly 

assumes a piece-wise constant model for the image. It 

is the fastest of all interpolation methods as it 

considers only a single pixel – that closest to the grid 

point being interpolated. 

Another simple and well-established method is 

bilinear interpolation. It can be applied to super-

resolution in the following way [5]. To interpolate a 

given point on the HR grid, the closest LR pixel is 

used, along with its three neighbours from the same 

LR image, as pictured in figure 1. These three pixels 

are picked so that they are the next closest pixels to 

the point being interpolated. The four LR pixels are 

the vertices of a square, with the point being 

interpolated located inside the square. The value at the 

point is computed using a bilinear weighed sum of the 

four vertices. Bicubic interpolation can be 

implemented in a similar way, selecting 16 closest 

points and applying bicubic weights. 
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Figure 1: Increasing resolution by a factor of two, 

using bilinear interpolation. The four input samples 

used are generally not the closest samples available. 

While this is fine for a single image, where there are 

many low-resolution images, three (or 15 in the case 

of bicubic) of the pixels that are used are not 

necessarily the closest, as these may be in other input 

images. Logically, the closest inputs to the output 

pixel are more likely to contain relevant information 

about the HR pixel value. 

Instead of using four closest pixels from a single input 

image, the selection can be made from all pixels from 

all input images. A problem then arises of 

determining the weights for each of these inputs. 

One approach is to determine the weights simply by a 

function of distance of each input sample from the 

output point (i.e. inverse distance, inverse distance 

squared, etc). This method has first been attributed to 

Shepard [6]. 

An alternative is to use Delaunay triangulation and 

then fit a plane or other type of surface to each 

triangle to interpolate an HR grid point inside that 

triangle [7]. 

Other methods also exist and can be generalised as 

follows. First, N input pixels around the point we 

want to interpolate are selected (or all input pixels 

falling inside a radius r around the output point). 

Then, the value for the output point is calculated as a 

weighted combination of these known pixels. The 

weights depend on the interpolation method. Since 

different methods would produce different weights, 

the obvious question is “which weights are the best?” 

If the ideal HR image is known (i.e. ground truth), the 

weights that minimise the squared error could be 

computed. Such weights would be optimal in a least 

squares sense. The problem is that the desired output 

image is unknown; otherwise there would be no point 

to interpolate. 

The weights of a general linear interpolation filter do 

not depend on the image content, but on the relative 

positions of the available samples. Therefore, it is 

hypothesised that the optimal weights should depend 

only weakly on the actual image content. If this is the 

case, then the optimal weights derived from one 

image should be close to optimal (thus near optimal) 

on other images with the same offsets. Hence, a 

synthetic image can be used to derive the weights, 

which are then applied to the input images.

In terms of implementation, such a method can be 

implemented as a two-dimensional finite impulse 

response filter, just as all the other methods described 

in this section. Hence, all these methods should be of 

similar computational complexity, apart from the 

overhead of calculating the coefficients for the “near 

optimal” method, which is run just once before the 

input images are processed. 

3 Results and discussion 

3.1 Experimental setup 

To assess the performance of the above methods, it is 

necessary to have a ground truth high-resolution 

image. If the low-resolution images are simply 

captured, the ground truth is unknown. Hence we 

used a method similar to Bailey [8] to generate a 

number of LR images from a single very high-

resolution image through a simple imaging model. 

Image ‘beach’ (as pictured in figure 2) was selected to 

be the test image – it has dimensions of 1700 1700 

pixels. To form LR images, the source image was 

filtered using a 20 20 square box average filter to 

simulate area integration, shifted by random (integer 

pixel) offsets, then down-sampled by a factor of 20. 

Finally, Gaussian noise was added to simulate the 

effects of various noise sources within the process. To 

form the HR image, the source image was filtered 

using the same filter, but down-sampled only by a 

factor of 10. Note that the high-resolution image is 

blurred to the same degree as the low-resolution 

images. This enables the performance of interpolation 

methods alone to be investigated, hence deblurring is 

left out. In addition, the exact known offsets were 

used to ensure there is no misregistration of the low 

resolution images. 

LR image 1 LR image 3 

LR image 2 LR image 4 

  Uniform HR grid 
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Figure 2: Image ‘beach’. 

The down-sampling procedure resulted in offsets that 

are integer multiples of 0.05 of a pixel. Four LR 

images were used to super-resolve a single HR image 

by a factor of two. Simulating every possible 

combination would be very time consuming; hence, a 

Monte Carlo simulation was used consisting of 

10,000 runs with randomly selected offsets. On each 

run the four randomly-offset low resolution images 

were combined into a single super-resolved image 

using one of the interpolation methods. The output 

image was compared to the ground truth image and 

the mean square error was calculated. 

3.2 Experimental results 

The results can be interpreted using an inverse 

cumulative distribution function (iCDF), also known 

as percent point function or quantile function [9]. To 

form this function, the errors from all the runs are 

ranked in ascending order and plotted, with the 

probability of 0.0001 associated with the smallest 

error and probability of 1.0 associated with the largest 

error. The probability, therefore, gives the probability 

that the interpolation error is less than the associated 

error. 

The inverse cumulative distribution functions of the 

errors for nearest neighbour, bilinear and optimal 

interpolations can be seen in figure 3. This plot shows 

the expected performance for a particular percentile. 

So for example for 50th percentile (the median), 

nearest neighbour interpolation is expected to yield 

MSE below 16.4 10-5.

Figure 3: Inverse cumulative distribution functions 

(percent point functions) for nearest neighbour, 

bilinear, and optimal interpolations of image Beach. 

It can be seen that the bilinear interpolation performs 

significantly better than the nearest neighbour 

interpolation. This result is intuitive, as bilinear 

interpolation uses more input information (four input 

points in comparison to one input point). The line just 

under bilinear corresponds to the optimal result that 

could be achieved if the same four points as used by 

the bilinear are utilised. For a given image, and a 

selection of input pixels used to perform the 

interpolation, this optimal method will give the 

smallest mean squared error (MSE) that can be 

obtained using a linear interpolation filter and can be 

used as a benchmark to compare other methods. The 

proximity of bilinear to optimal result is a good 

indication that bilinear interpolation is always stable 

and utilises the input information extremely well. 

However, as already mentioned, the four input points 

used by the bilinear are not the ideal choice for super-

resolution. Points further away from the desired 

location carry less relevant information, so ideally we 

want to use closest possible input points. This is 

confirmed by figure 3: optimal interpolation using 

four closest points yields a factor of two improvement 

over using the same points as the bilinear 

interpolation. 
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Figure 4: Images ‘sleep’ and ‘disk’. 

Figure 4 shows the optimal performance (median of 

iCDF) using between 4 and 20 closest points. It is 

clear that although the performance improves with an 

increasing number of points, the gains from using 

additional points decreases with points further away 

from the point being interpolated. Between eight and 

ten points seem to be a good compromise between 

accuracy and computational effort. 

Two very different images were used to simulate the 

near optimal coefficients to test the hypothesis that 

coefficients derived from one image should work on 

another image. These are pictured in figure 5. 

Figure 5: Images ‘sleep’ and ‘disk’. 

Image ‘sleep’ was chosen because it differs from 

image ‘beach’, but has similar statistics. Image ‘disk’ 

was chosen because it has significantly different 

statistics to have some idea how image content affects 

the results. It is also a synthetic image that can be 

used to calculate the coefficients for an arbitrary 

image. 

Figure 6: iCDFs of optimal interpolation and 

interpolation using coefficients optimised on images 

‘sleep’ and disk’ (using 8 closest points) and optimal 

using 4 closest points for comparison. 

Eight closest points were chosen to be used to test the 

hypothesis. Figure 6 shows that using the coefficients 

optimised on images ‘sleep’ and ‘disk’ generate 

results very close to that of optimal. Image ‘disk’ has 

very different statistics, but it contains edges of all 

directions. This is possibly the reason why 

coefficients optimised on it offer reasonable 

interpolation results. These results are tabulated in 

Table 1. 
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Table 1: 1st, 2nd, and 3rd quartiles of iCDFs plotted in 

figure 6. 

Method 

(8 points) 

1
st
 quartile 

( 10
-5

)

2
nd

 quartile 

( 10
-5

)

3
rd

 quartile 

( 10
-5

)

Optimal 0.99 

(100%)

1.25

(100%)

1.56

(100%)

Coefficients

from ‘sleep’ 

1.06

(107%)

1.32

(106%)

1.64

(105%)

Coefficients

from ‘disk’ 

1.15

(116%)

1.45

(116%)

1.83

(117%)

The previous experiment was performed in the 

absence of noise. This is seldom true in practical 

imaging systems. Even if most sources of noise are 

minimised, there is still quantisation noise. For a 

typical 8-bit system this would have a standard 

deviation of 0.29 of a greyscale level. To check 

whether noise has any significant effect on the 

predicted coefficients, we super-resolved the ‘beach’ 

image at different levels of additive white Gaussian 

noise using coefficients optimised on the same image 

but without noise. 

Table 2: Interpolating ‘beach’ at different noise levels 

using coefficients optimised on the same image at 

those noise levels and coefficients optimised without 

noise. 

Median MSE 

( 10
-5)

Noise s.d. 

Optimised at 

that noise level 

Optimised

with no noise 

0 1.25 1.25 

0.5 1.76 1.90 

1 2.67 3.58 

2 4.90 10.4 

3 7.35 21.9 

4 9.91 37.8 

Second column of Table 2 shows the performance of 

the optimal coefficients at various levels of noise. As 

expected, the MSE increases with the noise standard 

deviation. Third column shows the performance of 

coefficients optimised without noise. It can be seen 

that the relative performance deteriorates as the noise 

is increased. 

Addition of Gaussian noise to the LR image 

formation model is investigated as a possible way of 

improving performance with noisy inputs. Five sets of 

coefficients are created, each optimised on image 

‘beach’ using noise levels of zero, one, two, three, and 

four. Each set of coefficients is applied to inputs with 

various levels of noise (between zero and 4) and the 

results are plotted in figure 7. 

Figure 7: Performance of optimal interpolation on 

image ‘beach’ in the presence of noise using 

coefficients optimised at various levels of noise. 

Figure 7 shows that for each input noise level, the best 

performance is achieved if the coefficients are 

optimised on the same level of noise. Now the same 

test can be applied to optimised coefficients on a 

different image. The procedure is exactly the same, 

only image ‘sleep’ is used to optimise the coefficients. 

Figure 8: Performance of optimal interpolation on 

image ‘beach’ in the presence of noise using 

coefficients optimised on image ‘sleep’ at various 

levels of noise. 

Figure 8 shows a similar trend with the coefficients 

being optimised on a different image. Hence, if the 

level of the noise in the input images can be estimated 

[10,11], the same amount (in the case of using image 

‘sleep’ it can be seen that a slightly higher noise level 

is required) of noise can be used to optimise the 

coefficients. It can also be noticed that using 

coefficients estimated on noise levels within  ±1 of 

the input noise level yield satisfactory results, so the 

input level of noise needs to be estimated only 

approximately. 
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4 Conclusions 

Non-uniform interpolation is a common procedure in 

image processing. This paper has focused on a new 

method of deriving the weights of a linear 

interpolation filter, which are optimal in a least 

squares sense. Based on the observation that the 

weights of a general linear interpolation filter depend 

only on the relative positions of the available samples, 

it was hypothesised that the optimal weights derived 

on one image would be near optimal on other images. 

Experimentation showed that the optimal weights, 

derived through minimising the squared error between 

a known high-resolution image and a set of 

synthetically-created low-resolution images, are 

relatively independent of image content. Hence, 

weights optimised on a known image, can be used to 

interpolate an unknown image with the samples 

positioned in the same place as the known image. 

While, in general, the desired high resolution pixel 

values are not available to calculate the optimal 

weights, this opens the possibility for near optimal 

interpolation using a synthetic image to derive the 

coefficients.

It was shown that in the presence of noise, the 

coefficients optimised at the same noise level as the 

input are likely to yield better results. 

A future direction of work is to find an analytical way 

of deriving near optimal coefficients, hence 

decreasing the overhead. More experiments are 

planned to be completed to check the method on other 

test images and to use a variety of synthetic images to 

generate the weights. 
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